1. Introduction. Spheroidal configurations have proved to be of considerable value in various types of diffraction and radiation problems. Of these we mention only one example, the prolate spheroidal radiating antenna. This has been discussed recently by Myers [1] who studied the radiation patterns and by Wells [2] who studied the near field of the antenna. Other examples and references to the literature can be found irt the books of Meixner and Schafke [3] and of Flammer [4] , The advantages of spheroidal models both in a mathematical and in a physical' sense are well known and will not be discussed here. The disadvantages are the complexity of the spheroidal functions and the lack of sufficient numerical values of the functions. Further, the expansions in spheroidal functions which represent the near field, e.g. the current on the antenna, converge slowly, a fact that is also true of expansions for other geometric models. It is this slow convergence which will concern us in this note and we shall show that the convergence can be improved in the sense that fewer terms of the expansion are needed to obtain the desired accuracy. The method is not new; it has been used, e.g. by Meixner and Kloepfer [5] in the problem of the ring shaped antenna. However in the case of the spheroidal functions some device such as this is particularly useful and we present it here with the idea that it may be of use to others.
By improving convergence we mean the following: Let an\pn be an expansion of eigen functions \{/n and consider the asymptotic behaviour of an\pn for large n. Suppose that to orders of 1/n, an\pn fa bn<pn . Then in the expansion Z) ianin ~ bn<pn) (1) the terms of order 1/n are absent and this sum can be expected to converge faster than the original expansion. If in addition it is possible to write the sum ^ bn<pn in closed form, then
where / is the sum ^2 bn<pn . The results of this procedure, based on the prolate spheroidal antenna, will be given in what follows. Obviously the method can be applied to other types of eigen function expansions.
Notation and expansions.
A variety of notations have been used in spheroidal functions most of which have been summarized in [4] , For theoretical work the notation used in [3] is preferable while for numerical work other notations have some advantage. We shall use the notation of [3] where also the relevant information concerning spheroidal functions can be found. The spheroidal coordinates are £, ??, <p where £ is the radial variable and rj and <p -are angular variables. The ranges of the variables are £ > 1, | 17 | < 1, 0 < <p < 2tt. The angular functions for the symmetrically driven antenna are ps'n (y; y2), where 7 = 2xa/X, a is the semi-focal length of the spheroid £ = const, and X is the wave length. The radial functions are *S£(4> (£; 7) and are functions of the third kind in that they provide the proper wave function behaviour for large £. The ^-component of the magnetic field is given by Hv = Z KSl^&y^sKv-y2), and where £0 = const, represents the antenna, Ev is the tangential component of the electric field and the prime indicates differentiation with respect to £0 • Equation (3) is our basic expansion. An indication of how slowly it converges for £ = £. is given in Table 4 . Since the spheroidal functions are difficult at best to compute and existing tables so far are limited in range, some method which cuts down this computing and speeds up convergence is desirable.
3. Comparison series.
Ignoring the physical constants and the integral over the gap in (3), the problem is the convergence of v = Z vCW; y )psn(v; y2)(n + 1/2) F"(£), Table 1 shows this comparison for 7 = 1 and 7 = 2 and for two different values of f. In this table only the the real part of Vn is given; the imaginary part falls off rapidly as n increases.
One concludes from Table 1 that (5) is, in fact, a very good comparison series if only 7 is not too large. The difficulty in using it lies in the fact that W cannot be summed in closed form. But even so there is some practical value in replacing the terms of (4) with those of (5) with some accuracy after, say, n -6, especially in view of the limited tables of spheroidal functions. The functions Q"(£) at least for values of £ near 1 as well as the functions Pl(v) can easily be computed. From the comparison series W, with the help of Lemmas II and III in the appendix, we obtain as an approximation to (5) X = £ p-n'w)p:(v)(n + 1/2)Xn(£)/n(n + 1), and u" = (n + l/2)w. The coefficients are of the order Xnl = 0 (n~v), Xn3 = 0 (n~2), X"4 = 0 (n~3). Thus it would appear that it would be sufficient to take only X2 as a comparison series in order to improve convergence. However this improvement becomes effective only after the coefficients of (6) with Xn2 in place of Xn approximate those of (5) closely enough. And this is the ca.se only for rather large values of n if £ is very close to 1. In order to approximate the terms for smaller n also it is useful to take Xx + X2 + X3 + Xt as the comparison series. As Table 2 shows Xn3 is never very essential and can be omitted. For £ = 1.081, the main contribution is given by Xn2 although the additional consideration of Xnl and Xni is useful. For £ very close to 1, Xnl and Xni are of much greater importance than Xn*. In the next section we shall show that X, and X2 can be written in closed form. The series X3 can be neglected in comparison with X2 . The series X4 is more difficult to handle since it cannot be summed in closed form. However as Lemma IV shows, good approximations exist for both large and small values of £. Some values of Ki/K0 and approximations for large and small argument are given in Table 3 . Returning to the original expansion (4), it can be seen from the coefficients F"(£) that the convergence improves as £ approaches 1. However it does not follow that the comparison series give the best results for £ in the neighborhood of 1. If we study these comparison series for various values of £ we find that X4 can be neglected in comparison with Xj and X2 if (n + 1/2)u > 0.5. This holds for all n if £ > 1.54. For smaller values of £, X4 plays an essential role. Thus for £ = 1.00001, X1 and X, give the main contribution for n < 0.5/u or n < 100, approximately. This can be seen from studying the coefficients Xnl and Xn4 in comparison with Xn2 . Hence if we are interested in values of £ < 1.54, the series X, is important and since this series cannot be summed we must compute or approximate the sum numerically. This, however, is not difficult in view of the simple analytic form of the coefficients Xni and their approximations as given in Table 3 . 
when expressed in terms of the solutions [(1 + ??)/(l -y)]"1/2 of the differential equation.
In order to sum X2 we make use of a result of Watson [6] on summation of the Gegenbauer functions. This result, specialized for our purposes, states that ■ " • f sin2 w dw ,n", , . . sm 6 sin <p J^ (1 _ 2( cog Q + ty/2 = ~ir 2^t PB+1 (cos e)Pnll (cos v)
where cos 0 = cos 6 cos <p + sin 6 sin <p cos w. If we make the substitution w = t -2\p, the integral on the left becomes C" sin' 2^ dj _ __8_ u 2)
where a = 2 -2 cos (6 + tp), k2 = 2 sin d sin <p/[ 1 -cos (9 + tp)] and K and E are the complete elliptic integrals. The integrals fail to exist when 6 = tp. Now the expansion on the right of (7) converges for | t | < 1 and since P\ (cos 6) P"1 (cos tp) is 0(1 /n) for large n and for 6 and tp between 0 and x, the expansion converges also for t = 1. Then by Abel's theorem [7] the equality in (7) 5. Some numerical results on convergence.
In Table 4 we give some numerical results which offer some indication of how well the convergence can be improved. The first six terms of the series for V and for X as well as for their difference are given for 7 = 2 and for £ = 1.001 and £ = For all considered values of £ the values of V -X are fairly small after n = 6 and can be neglected if two or three-place accuracy is wanted. If the comparison series is not used many more terms would be needed to obtain the same accuracy. From reference [3] we find that for large n psl(v;y)ttPl(v), sr'it; 7) ~ ~iQ«($)/Kn(y)n(n + 1). 
